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Abstract 

^ , In Minkowski space, an accelerated reference frame may be defined as one that is related to 

Q ■ an inertial frame by a sequence of instantaneous Lorentz transformations. Such an accelerated 

i-G . observer sees a causal horizon, and the quantum vacuum of the inertial observer appears thermal 

to the accelerated observer, also known as the Unruh effect. We argue that an accelerating 
cn ' frame may be similarly defined (i.e. as a sequence of instantaneous Lorentz transformations) in 

vQ ■ noncommutative Moyal spacetime, and discuss the twisted quantum field theory appropriate for 

\^ , such an accelerated observer. Our analysis shows that there are several new features in the case 

^2 ' of noncommutative spacetime: chiral massless fields in (1 + 1) dimensions have a qualitatively 

different behavior compared to massive fields. In addition, the vacuum of the inertial observer 
is no longer an equilibrium thermal state of the accelerating observer, and the Bose-Einstein 



o 

Q I distribution acquires 6'-dependent corrections 



X 



1 Introduction 

Noncommutative algebras can serve as models for spacetimes at scales where quantum gravity ef- 
fects are important, and the usual continuum description of spacetime as a manifold is expected to 
undergo significant revision. In particular, very general arguments using only elementary quantum 
uncertainties and classical gravity strongly suggest that the smooth spacetime structure should be 
replaced by a noncommutative Moyal algebra yy. 

While the above motivation is set in a very general context, computations and specific predictions 
that involve both noncommutativity and gravity are fewer, as specific questions are harder to formu- 
late, and the technical tools necessary for dealing with quantum fields on arbitrary noncommutative 
manifolds are still in the process of being developed (see for example [2]). 

To this end, one would like to pose a problem in quantum field theory that is simple to formulate, 
and though does not involve general relativity, is perhaps the closest that one can get to discussing 
the nature of quantum theory in curved space. The Unruh effect, which is related to the quantum 
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theory of an observer undergoing a uniform proper acceleration in Minkowski spacetime, is one such 
example. In this article, we will discuss the analogous question in noncommutative Groenewold- 
Moyal (GM) spacetime. To this end, we will define in a precise manner the notion of an accelerating 
observer and carry out detailed analysis about the nature of the quantum theory as formulated by 
this observer. 

This article is organized as follows. In Section 2, we will recall the description of an accelerated ob- 
server as a sequence of instantaneous Lorentz boosts. This description is particularly useful because 
of the centrality of the role of Lorentz transformations, and does not rely on a coordinate transfor- 
mation to the accelerated coordinates. In Section 3, the quantization of an accelerated observer in 
terms of modes that are boost eigenfunctions will be discussed. In section 4, after a brief recap of the 
quantum field theory in the Groenewold-Moyal (GM) plane, we shall describe its adaptation to that 
of an accelerated observer. Unusual features of massless fields will be pointed out, and properties 
related to wedge-localization and hermiticity will be discussed. In particular, we will describe new 
phenomena like loss of hermiticity of the twisted quantum field. Section 5 consists of the main new 
results of our investigation: a striking consequence of the above is that the Minkowski vacuum is no 
longer a thermal state for the accelerating observer, but a more general mixed state. As a result, 
the expectation value of the number operator no longer obeys Bose-Einstein (B-E) distribution (as 
in the usual Unruh effect), and corrections to the B-E distribution can be explicitly computed as 
a perturbation series in 9. Finally, we will study the above result with various choices of 9^'^ and 
show that the correction to the B-E distribution is non-zero unless all components of 9^^ are zero. 
In section 6, we will conclude with a discussion of our results. The appendices contain a discussion 
of eigenfunctions of the boost operator in various dimensions, for massless as well as massive cases. 

2 Kinematics of a Uniformly Accelerating Observer 

Let us remind ourselves of the description of the accelerated observer in commutative Minkowski 
spacetime M.^'^. This description |3] takes full advantage of the action of the Lorentz group, and 
avoids transformation to coordinates of the accelerated observer. In (d + 1) dimensional Minkowski 
spacetime A4^''^, events are labeled by coordinates {x^,x) or {t,x) where x is a rf- dimensional spatial 
vector. 

Let C\ be the group of proper Poincare transformation of A1^'^, and T and Kn the one-parameter 
subgroups corresponding to time translations and Lorentz boosts along a direction ft respectively. 
Consider a point observer uniformly accelerating (with respect to an inertial frame) along the spatial 
direction h with proper four-acceleration a'^, satisfying 

a^a'^ = — a^, a = constant. (2.1) 

If r is the proper time of this accelerated observer, we shall choose the initial condition that at 
t = T = 0, the observer is at rest. The world line of such an observer is then given by 

t = psinh(ar), xy = pcosh(ar), x_l = constant, where (2.2) 

X = {x ■ h)h + x± = x\ih + x±. (2.3) 

These world lines are hyperbolas in x\\ — t plane given by x?, — t'^ = p^ and from (12. 2 p it is easy to 
see that a^a^^ = — p^, implying that p = a~^. 



For any a > 0, the world lines (12. 2p of the observer lie in the open sub-manifold R of Ai^'^ while 
for any a < 0, the world lines lie in the open sub-manifold L of Ai^'^. The sub-manifolds R and L 
are defined as 

i? = {t,X|i :x|, > |t|}, L = {t,X|i :x|i < -|t|}. (2.4) 

The motion given by (12.21) is generated by a Lorentz boost of magnitude ar of the event (0, a~^, 0) 
about (0, 0, x_l)11|. In other words, the motion of the accelerated observer is generated by a/C ■ n = a/C, 
where /C*'s are the generators of Lorentz boosts. 

It is easy to construct the Rindler coordinates (r, ^, x±) appropriate for region R (the right Rindler 
wedge). The transformation equations between the Rindler coordinates and Minkowski coordinates 
in R are 

t = a~"^e'^^ sinh(ar), x^\ = a~"^e"^cosh(ar), x± = x±. (2-5) 

Similarly, for the left Rindler wedge, the coordinates {f,C,,x±) are related to (t, xj|,x_l) as 

t = — a^^'^e"^ sinh(af), xy = a^^e"^ cosh(af), x± = x±. (2-6) 

The one-parameter subgroups T and An act on the coordinates {t,x\\,x±) as follows: 

T(/3)(t,X|i,fj_) = {t + 13, xii,x±), ^2 7) 

An{aa){t,x\\,x±) = (tcosh(aa) -|- xy sinh(aa), tsinh(aQ;) -|- xy cosh(aa),x_L). 

Since both R and L are preserved under An, it is meaningful to define A^ and Af , the restrictions 
of Aj^ to R and L respectively. Using (12. 2p and (12. 7p . we see that 

A^{aa){p,aT,x±) = {p,a{T + a),x±), for {p,T,x±) E R. (2.8) 

Thus A? corresponds to time-translations for the uniformly accelerating observer in R. A similar 
remark holds for A^ as well. This feature is special to the Rindler observer, and is used to construct 
the quantum field for the uniformly accelerating observer, as we shall see in the next section. 

3 QFT in an Accelerated Frame for 9^^^ = 

Let us first recall the description of quantum field theory in an inertial frame. The quantum field 
^o{x'^,x) on /A^'"^ is an operator- valued distribution, which, when expanded in terms of plane-waves 
in Ai^''^, can be written as 

where fj^{t,x) = e~**^'^ t-k-x) ^^^^ ^/^ ^ ^^^o^ ^-j with /c^fc'^ = 
The annihilation and creation operators 6^, 6t satisfy 
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[b^„bU = {2nr{2ko)6'{k-k') (3.2) 



^events are specified as {t,x\\,x±) 



with all other commutators vanishing. The operators 6^, 6t act on the Fock space, which has a 
distinguished state |0m) (known as the vacuum state), that is annihilated by 6g: 

%|0m) = V^. (3.3) 

The massless scalar field in Ai^'^ has a special feature that we will remind ourselves of, as it will 
play an important role in our subsequent discussion. (Strictly speaking, the massless field in Ai^'^ is 
problematic because the two-point correlation function has an infrared divergence, but this subtlety 
is not relevant to our discussion). In terms of its modes, the massless quantum field can be expanded 
as 

^-^^^[b,,f,,{x',x') + blf;,{x',x% with k^ = \k'\. (3.4) 

The field ^q{x^,x^) is the sum of two linearly independent non-interacting chiral fields - a right- 
mover <I>Q and a left-mover <l>g. In terms of the lightcone coordinates U = x^ — x^ and V = x^ + x^, 
the quantum field expansion is 

$o(x°, x') = j^ ^^^^ {h.e-^''^ + hle^'^ + h_,.e-^^''' + 6t_^,e^^^^) (3.5) 

^ %{U) + ^i{V) (3.6) 

where we have used the relation fc° = \k^\. Since the left- and right-movers do not interact (at 
the level of the free field expansion), it is possible to discuss physical situations involving a pure 
left-mover (or a pure right-mover) only, by simply dropping the quantum field of the other chirality. 

In the accelerated frame, the operators 6t do not create energy eigenstates. Rather, the natural 
choice for expanding the quantum field is the basis of the eigenfunctions of the generator of Rindler- 
time translations. 

In the previous section, we argued that the Lorentz boost operator /C(= /C-n) restricted to one of 
the Rindler wedges is the generator of time translations in the accelerated frame. We will denote this 
restricted operator as /C^ (or /C^). The eigenfunctions {v^^^ g pi^,j^Jt,x\\,Xi_)} of /C^^^^ (see Appendix 
A) form a complete orthonormal basis and thus can be used as the modes of the quantum field in 
the accelerated frame. 

Since ^p^j^ji vanishes in L (and ^p^j^i vanishes in R), we can write ^o(t, x\\,x±) = <I>q (t, xy, x_l) + 
$^(t, X||,a^_L) where 

*o(^,^lh^±) = ld'-'k^l^ (2vr)%a;) fc,<A:„L(^'^ll'^^) + ^^k^^.A^x.^l^'^lh ^^)) • (3-8) 

Here y?^^ j^(t,x\i,x±) and ip^j^ ^{t,x\\,x±) are given by (I A. 70 and (lA.Sp respectively, and the oper- 
ators a ^^\a ^^' satisfy 

[<£^' «S'^] = (27r)'^(2u;)5(u; - co')6'-\k^ - k'^\ (3.9) 



with all other commutators vanishing. 

Even in the Rindler wedges R and L, the massless quantum field in (1 + 1) dimensions can be 
split into left and right-movers ^q (^7a^||)- We use the label A to distinguish these two cases, with 
A = 1 for the right-mover and A = 2 for the left-mover. For the massless quantum field ^Q{t,x\\) in 
M^'^, we have ^o{t,x\\) = (^Q{t,x\\) + $^(t, X||) where 

'^oit,x\0 = J2 [ (0 t'^o ^ (<xV>^XRit,^) + (^Z<xAt'^\\))^ (3-10) 

*o(^.a;||) = J2 J (27r)(2a;) [^tx'PMi^^^w) + at]\'Pu^,\L{t,xi\)) ■ (3-11) 

The 0'^\,0'rj\ satisfy the commutation relations 






i2n)i2u)6xy6iu-uj') = K.,a^jA (3.12) 



with all other commutators vanishes. 

The discussion of a massive quantum field in (1 + 1) dimensional Rindler spacetime is very similar 
to above: the only difference is that the eigenfunctions of the boost operator are different and there 
is no label A. The field in the right Rindler wedge has the expansion 

^^^^'"'"^ = / {2n){2uj) W^--^(^'^H) + ^^V:,fi(^,^||)) (3.13) 

with the operators a^ and a^^ satisfying the relation (13. 9p . The explicit form of ipuj,R is given in 
(1X26]) . 

The generalization to (3 + 1) dimensions is straightforward. The quantum field is 

where ip^^ ^ is given by (]A.30p . The operators a^ -, and a -. satisfy the cannonical commutation 
relation ([33]). 

The vacuum |Oij) of the Rindler observer (in, say, R) is annihilated by a^^ : 

<a:JM=0 (3.15) 

and J\ t o = a ^ a^ ^ is the number operator which counts the number of Rindler particles with 

eigenvalue to and label k±. The operator bl and a \. are related by a Bogoliubov transformation 
(see for example |1]) 

/°° dkw / \ 

_^ (27r)(2A;o) V ^'^^-^ "^ fc^^o^.^^^ \\> k) V ; 

where a^^- i.^\)iP^*t (^||) ^ *^ ^^^ ^^^ Bogoliubov coefficients which can be evaluated explicitly. 



In (1 + 1) dimensional massless case, A/L,a,_r^ = o-ui x^-u \ counts the number of particles with 
eigenvalue u and label A. The corresponding bogoliubov transformations are 



r(i^f<i(^ii)s+/3.^,i(^!i)^i„) 



^^,2 ~ Jo (27r)(2A:o) 



(3.17) 



where o:!^ x{ki) , f3^\{ki) G C. Again the Bogoliubov coefficients can be evaluated explicitly. 

The Minkowski vacuum state |0m) is not the vacuum of either of the Rindler wedges. Owing 
to equations (13.161) and (I3.17P it can be shown that {^Ml-^^k r\^m) is the usual Bose- Einstein 
distribution. 

4 QFT of an Accelerated Observer for 9^^ ^ 

The GM plane is a specific noncommutative deformation of the ordinary Minkowski spacetime in 
which the spacetime coordinate functions x^ become (self-adjoint) operators x^ satisfying the com- 
mutation relations 

[x^',x'']=ie^'\ /x, z/ = 0, 1, ■ ■ ■ , rf. (4.1) 

The matrix 6'^'^ is a real antisymmetric constant matrix of dimension of length-squared [L]^. It is 
the scale of the smallest area in the x^ — x^ plane below which no length scale can be probed, and 
the spacetime becomes "fuzzy" at this scale. 

The algebra of functions Aq{^^^^^ on the GM plane consists of smooth functions on M'^"'"^, with 
the multiplication map 

me : A(M^+') ® A(K'^+') ^ A(K'^+') , 

a®/3 -> ae^^"^"''^" /3:=a*/3. (4.2) 

Equivalent ly, 

me(a®/3) =mo[Fea®/3] (4.3) 

where mo is the point-wise multiplication map, and Fq = ei'^''®^'""'^'' the twist element. 

The usual action of the Lorentz group C\_ is not compatible with *-multiplication: transforming 
a and /3 separately by an arbitrary group element A G C\_ and then ^-multiplying them is not the 
same as transforming their ^-product. However, with a new twisted coproduct Ae(A), the action of 
the Lorentz group is now compatible JU\. 

In quantum theory, we require that (anti)-symmetrization of states describing identical particles 
be compatible with the symmetries of the underlying spacetime. The twisted coproduct Ae(A) forces 
us to alter the notion of (anti)-symmetrization as well [71[8]. 

For a quantum field ^g{x^,x) on GM spacetime 



this implies a specific deformation of the algebra of creation/annihilation operators: 

hi^i^ = e'^-''"^'^hi^hi\ (4.5) 

k k' k' k ^ ' 

^% = e^'^'-'%bi (4.6) 

bib';, = e-''-''^''''b'M + i2ny2k%'{k-k') (4.7) 

Twisted and the untwisted creation-annihilation operator are related to each other by a dressing 
transformation (Grosse-Faddeev-Zamolodchikov algebra) [TT] - [T3] 

bi = b^e-^^^'^"''^" (4.8) 

where Vy is the total four momentum operator given by 

The map (14. 8 p is invertible. 

The twisted statistics can also be accounted for by writing 

^e{x) = %{x)e^ ^'"'^^ = $o(x)e5^^^ (4.10) 

where d AV = d ^6^'^Vi,. The discussion is valid for all dimensions d > and for both massive and 
massless case. 

Let us consider a situation in which there is only a right mover: 

$^([/) = $^(f/)e^^^^"^^^ (4.11) 

From (13. 6p and (14. lip we get 

where 

Since ko = —ki for a right-mover, we find that {Vq + Vi) = 0, and hence the twisted chiral field 
$g(f/) is same as the untwisted chiral field $o(f/). 

An identical argument shows that $g(f/) is same as the untwisted chiral field ^q{U). 

On the other hand, if we need both chiralities to be present, then the twisted field is indeed 
distinct from its untwisted counterpart. This is easy to demonstrate using the total momentum 
operator 

^0 = /o°° (24f2fcO)(^fci^fc^ +b_i^^b_k^)ko, 

-Pi = rj2^^blb,.-bl,,b_,.)k,. ^- ^ 
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As we saw in Section [2|, the motion of a uniformly accelerated observer in Minkowski spacetime 
is generated by Lorentz boost /C = K, ■ h. The quantum field theory in the accelerated frame can 
be formulated using this observation, directly in terms of Minkowski coordinates {t,x\\,x±). This 
circumvents the need to change the coordinates to that of the accelerated observer fl2.2p . and finding 
modes of the Klein-Gordon equation in the new coordinates, and subsequent quantization. As the 
Poincare group is an automorphism of the GM plane, we shall simply define an accelerated frame in 
GM plane as one related to an inertial frame via a sequence of instantaneous Lorentz transformation 
generated by /C. 

The immediate and natural question, given that an accelerated frame can now be defined in the 
GM plane, is the nature of this noncommutative quantum field theory. Our strategy is to use the 
twist map (14.101) to define this quantum field as follows: 



(4.15) 



$^(t,x) = <l>^(t,x)e^^^^ 

To construct the field <l>^, we simply need to start with $^ and twist it as above. 
For the massless case, fl3.10p and fl4.15p give 

Hit^H) =[$o^''(t,X||) + $^'^(t,x,|)]ei^-^ ^^f\t,x^) + ^f\t,x\\) (4.16) 

where $q' (t,X|j),$Q' (t, X||) are the right and the left movers in commutative right Rindler wedge. 
$g ' (t, X|j) is the right moving part of the twisted quantum field $^(t, x\\) in the right Moyal- Rindler 
wedge, defined as 

$f'^(t,X||) = ($J^'^(+^(t,X||) + $o^'^(-)(t,X|,)) e^^^^ = $f '^^^(t,X|,) + $?' ^^-^(t,X|,), (4.17) 

where $o v-i ^||) &^d ^q ' (t, a;||) are the annihilation and creation parts respectively of $q ' (t, a;||). 
The annihilation and creation parts of $g ' (t, x\\ ) are defined as 

$f iW(t,X|,) ^ <'^(^)(t,a;|,)e^^"^'"^^^ (4.18) 

Simple computation using (IA.llllA.12p and (lA.lSp shows that the exponent of the twist factor ap- 
pearing in $g' {t,x\\) is proportional to the particular operator combination ("Pq + ^i)- Similarly, 
the exponent of the twist factor in $g ' (t, x\\) is proportional to {Vq — Vi). This fact is to be noted 
as it will be needed for discussions later. 

Now let us see what happens when we twist the massive field in (1 -|- 1) dimension. We will again 
use (I4.15P to twist the quantum field, with $^(t, xy) given by equation (I3.13p . The massive twisted 



field $^(t, X||) in (1 -|- 1) dimensions is given by 



^fit^H) = [ ^^^^ (a5v.,i^(t,a;||)e^^-^ + a5<^(t,X||)e^^-^) (4.19) 

where ^9^ R(t,X||) is given by (IA.26P and a^^a^"^ satisfy (13. 9p . Equivalently, 

<(i,^l|) = j^ j^^^^ [^^:\t.x\\) + C"^(t,X||)) , (4.20) 



where (j)J-g {t,x\\) = afjy9^/j(t,a;||)e2 ^^^ is the annihilation part of twisted field with mode cu, and 

4>uie V''!^\\) — '^f^Vw /?(^5^||)^^'^^'^ is the corresponding creation part. 

Finally, the twisted quantum field in (3 + 1) dimensions, using (I3.14p and (I4.15p . is given by 

where y?^ g J(t,x\\,x±) is given by ( JA.SOp and the operators a'^j- and a ^-^ satisfy (13. 9p . 



Wedge localization of properties $^ 

One of the the most important properties of quantum field in Rindler wedges is wedge localization - 
the quantum field $^ (or $q ) is localized in the right (left) Rindler wedge and vanishes in the other 
Rindler wedge. Not only does $^ (or $q ) vanishes in L{R) but it also vanishes on the lightcone : 

$^(t,X||,fx) = V {t,x\\,XA_) eL and t ± xy = 0, (4.22) 

$o(i,a;||,xx) = V {t,x\\,Xi_) e R and t±x\\=Q. (4.23) 

This is precisely due to the wedge localization property of the functions V^^ g ^ and ip^^ j^, as is 
seen from (IA.7P and flA.Sp . 

Is the twisted quantum field $|^(t, X||,x_l) wedge localized? $^(t,a;||,xj_) contains V'w,R(^,a^||,^±) 
along with its derivatives to all orders. So though ^uj,RitiX\\,x^) goes to zero in the left Rindler 
wedge and on the light cone, there is nothing that guarantees the vanishing of all the derivatives in 
these regions. It is easily seen that all the derivatives vanish in the left Rindler wedge but do not go 
to zero on the lightcone. So 

$^(^Vt x„ f,)l =° ^ (t,X||,fx)GL(i?), 

The twisted quantum field $^(t, xy, xj,) and $0 (t, xy, x_l) are wedge localized as they vanish in L 
and R (in the sense above), but their properties on the lightcone are different than their commutative 
counterparts. 

Hermit icity 

The quantum fields $^ and $0 ^^^ hermitian: $0 ~ "^o • What can one say about the 
hermiticity of the twisted quantum fields $^ and $^? 

First let us consider massless case in (1 + 1) dimension. The creation/annihilation operators on 
the Rindler wedge are related to those in Minkowski spacetime by the Bogoliubov transformation 
(I3.17p . As we saw earlier, the twist factor for the right-moving part of the massless field involves 
Vq + Vi. From equations (I3.17P and (I4.14p . it is easily seen that 

[<i,^o + ^i]=0. (4.25) 

Hence (<l>g' )^ = $0 which implies that $g' is hermitian. Similarly, 

[<2,^o-^i] = 0. (4.26) 
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So $g ' and therefore $g is hermitian. Hermiticity of the quantum field is thus unaffected by 
twisting. Vq ± Vi forms the central element of the algebras fl4.25p and fl4.26p and what is very 
striking is that the twist conspires to produce that central element in exponential. 

Next let us look at the (3 + 1) -dimensional (both massless and massless) case. The exponent in 



twist element takes the form d^O^'^Vu 
general 6'-matrix can be written as 



dtO^'Vi + d^^e'^Vo + d^.e'^Vj for 






^01 


^02 


^03 


^10 





^12 


^13 


^20 


^21 





^23 


^30 


^31 


^32 









-E' 


-^2 


-E^ 


^1 





-53 


B^ 


^2 


B^ 





-B' 


^3 


-B' 


fil 






i,j = 1,2,3. The most 



(4.27) 



The exponent of the twist element simplifies to {—dt{E ■ V) + (V^ ■ E)Vq + V ^ ■ {B x V)). Since a^^ 

and for are related by (I3.16p . it is easy to see that in general a -. and a -. do not commute with 
V,,: 

(4.28) 



R\ 



[<X'^-]^0 ^^d [<V'^.]^0 



So the above twist factor in general does not commute with the a" ^ and 



R .^A (A^W )t -^ 0«(-) . Hence 

u],k±,6' ui,,k±,6 

the twisted quantum field ^f{t,x\\,x±) is not hermitian. 

The discussion for the massive case in (1 + 1) dimensions is conceptually identical to the one 
above: again, the twisted massive quantum field is not hermitian. 



5 Quantum Correlation Functions 



In commutative spacetime, the Minkowski vacuum is a KMS thermal state at temperature T = -^ 
for an accelerating observer. The accelerating observer detects a Bose-Einstein distribution with this 
temperature, which may be explicitly derived from the Bogoliubov coefficients in (I3.16P [HIH]. 

It is well known in algebraic quantum field theory that a state {ip) is a KMS thermal state at 
temperature T = -^ if there exists an operator J (which commutes with the time translation operator: 



Je 



iHi 



-iHi 



J We 



such that 



-^'^/^A\i}) = JA^ij) 



(5.1) 



where A is an element of the algebra of observables. This is the Bisognano-Wichmann theorem [16] 
(see also the discussion in [T7]). 

If e~*'^° is the boost that generates the transformation 

t — )■ t' = tcosh(aQ;) + x\\ sinh(aa;), 
X|| — i- xji = tsinh(aQ;) + cosh(aa), 

x± — )■ x'± = x±, 

then for a = in /a, we get t — )■ —t, xy — )■ —x\\ and x± -^ x±. This can be seen from (JA.3HA.5!) of the 
appendix. It is thus straightforward to show for any A^ > 1 



N 



N 



-JCir/a 



n<(^" 



ioAf) = n'^o^(~^'"'~^ii"'^^")i'^^) 



(5.2) 



n=l 



n=l 
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as /C|Om) = 0. Equivalent ly, 

N N 



e-^^/^l[<!>^{tn,X\ln,X±n)\OM) = J l[K{tn, X^^n, X±n)\OM) , (5.3) 



n=l n=l 



where J is the PCT times tt- rotation about n. (In (1 + 1) dimensions, J is just the PCT operator). 
This equation is of the same form as (15. ip with 



N 



A — I I 00 l'^"' -^lln? X_\_n) 



for any A^ > 1. Hence |0m) is a KMS thermal state at T = ^. 

Let us consider the massless field in (1 + 1) dimension. In commutative case, the massless field in 
either Rindler wedge satisfies the Bisognano-Wichmann theorem (15. 3p (with J as the PCT operator). 
Alternately, from (IS.lOp and ( 13.17P we can show that 

(0M|af?>5.A'|0M) = (27r)(2a;)5,v^^7^ ^^"^^ 

which is just the B-E distribution at T = ^. The same distribution can be obtained from the two 
point correlation function (Oa/|$q (t, x\\)^q (t', xJj)|Om) using the Bisognano-Wichmann theorem 

HI- 

In the GM plane, as the massless field in Moyal Rindler wedge is hermitian, it satisfies (15. Sp with 
i = $«(t,X||) and J = PCT: 

e~^^'^^f{t,x\\)\QM) = J^f{t,x\\)\OM). (5.5) 

But if we consider a string of more than one field operators i.e A = Y[i=i ^f{t\^\\) for N > 2, then 
(15. 3p is not satisfied. As the elements of the operator algebra does not satisfy (15.30 . Bisognano- 
Wichmann theorem is not satisfied. So |0m), unlike the commutative case, is not a KMS thermal 
state. 

Now let us find out the noncommutative (Moyal) analogue of the two point correlation function 
{OmI^o i't,x\i)^g (t',xj|)|OM)- Using (I4.15p . the Moyal two-point correlation function can be 
written as 

(5.6) 



But al^ ^ commutes with the twist factor and 



V^\Om) = 0. (5.7) 

So the noncommutative two-point correlation function reduces to its commutative counterpart: 

(OM|*f"^(t,X||)<l>f+^(t',xj|)|OAf) = {OM\K^'\t,xii)^Q'-^\t',x\^)\OM) and hence carries no informa- 
tion about noncommutativity. 
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Let us now consider the four-point correlation function 

(0Ml$^^(t^xJ)$f-)(t^xJ)$f+)(t^x|)<l.f+)(t^4)|0M). 

Owing to the relation 

[<(t,a;||),P^] = zaX(t,Xij) (5.8) 

and using i\5.7\i . the four-point correlation function simplifies to 

{OM\^^^-\t\xl)ei'^^^^^<^^^-\t\xl)<l>^^^\t\xl)^^^^^ (5.9) 

As all the derivatives do not vanish, the four-point correlation function (as well as all higher order 
ones) deviate from the commutative result. 

Next let us discuss massive case in (1 -|- 1) dimension. In commutative case, (15. 3 p is satisfied for 
massive fields as well. So the state \0m) is a KMS thermal state at T = tt-. The distribution function 
can again be computed from the Bogoluibov coefficients as 

(0M|a5a5|0M) = (2vr)(2a;)^^, (5.10) 

which is that same as obtained from the two-point function (OA/|$o'~(t, a;||)$^'^(t',a;M)|OA/). 

In Moyal Rindler wedge, due to the non-hermiticity of the massive quantum fields, Bisognano 
Wichmann theorem is not satisfied because (15.31) does not hold: |0a/) is not an equilibrium thermal 
state. Nonetheless, we can still compute the two-point correlation function and find the deviation 
from the commutative case. Using ( 14.15p . this can be written as 

(5.11) 
Using (15. 7p and (15. 8p . the two-point correlation function can be simplified as 

(OM|$f-Ht,X|i)$f+)(t',xj|)|OM) =(OM|<l>J(-)(t,X||)e-^^(^'^^ii'-^^ii^*')<l>o^(+)(t',xj|)|OM)(5.12) 

= e-^^(^^^-ii'-"-ii""\OM|$J'(-)(t,X||)$o^(+)(t',xj,)|OAf). (5.13) 

Substituting from (I3.13p . we see that unlike the massless case in (1 + 1) dimension, here the two-point 
correlation function has also changed. The deviation from the commutative result is 

^_.|(a,a,,,,_a.„a,) _ ^j (o,,|$J?(-)(t,^||)$J(+)(t',^l)|0,,). (5.14) 

In (3 + 1) dimensional commutative spacetime, the massive hermitian quantum fields satify (15. 3p . 
So |0a/) is a thermal state and the number distribution function is 

and the two-point correlation function is (OmI'^o (^)^I15^-l)'^o V'-,x\\iSa.)\^m) is 

(o„i*r'(,.,..-j*r (,.,.f,)io„) ^ / ^|^^(2.)3,2.) 
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The twisted fields in Rindler wedges do not satisfy a relation like f l5.3p . Although |0m) is not a 
state in thermal equilibrium, we can compute the two-point correlation function in the Moyal- Rindler 
wedge: 

(5.17) 
Using (15 .yp and (I5.8p . we can express the the correlation function as 

(OM|$f^"^(t,X||,x^)<l>f+Ht^a;j,,fl)|OM)=e-i^-^^^'(OM|$J'^~Ht,X||,f^ 

(5.18) 
Again this is different from its commutative counterpart, as all the derivatives of the commutative 
two-point correlation function do not vanish. The deviation from the commutative case is 

(^e-i'^.At^, _ ij (o,,|$f-)(t,a;i|,f^)<(+)(t',a;j|,fl)|OAf). (5.19) 

5.1 Arbitrary 6^'" 

The most general 6 matrix is given in equation (14.271) . The exponential factor dx A dx' in (I5.19P can 
be simplified by recognizing that the four vectors E, B, x and x' can be decomposed into components 
that are parallel and perpendicular to n. With this decomposition we get 

K A ~Sx' = -"dtiiE ■ n){n ■ V^') + E^ ■ V gj + {{n ■ ^ x){E ■ h) + ^ ^^ ■ E^)~St' + V.^ ■ ( 

B^ X n{n ■ V^^O) + ^ x^ " ((^ " n)n x V^^) + n{n ■ ^g) ■ {B± x V^^^)- (5-20) 

For special choices of the E and B, the above expression simplifies. For example ii E = = B, 
then we get back the commutative spacetime, and the two-point correlation function reduces to its 
commutative counterpart as d x /\ o x' = 0- 

If we choose E = 0,B ^ 0, (magnetic-type noncommutativity), then the exponential factor 

K A '^x' = ^xx ■ {B± X n{n ■ Vg')) + ^ g^ ■ {{B ■ h)n x V^^^) + H^ ■ ^x) ■ {B± x V^^) (5.21) 

involves only spatial derivatives. On the other hand, if we chose E y^ 0,B = (electric- type 
noncommutativity), then 

K A '^x' = -"dtHE ■ h){h ■ V^O + E^_ ■ Vs'J + {{n ■ ^x){E ■ n) + ^ ^^ ■ E^)tt'. (5.22) 

We can also consider light-like noncommutativity E = B. If Ej_ = Bj_ = 0, E^\ = B^\, then 

K A ~Sx' = -"^tiE ■n){n- V^') + {n ■ ^£){E ■ n)'^t' + ^£^ ■ {{B ■ n)n x V^^^), (5.23) 

while if choose E± = B±, E\\ = B^\ = 0, then 

"dx A ~Sx' = -"^tE^ ■ Vx'^ + ^^^ ■ E^~dt> + ^x^ ■ {B± X h{n ■ V^O) + 

nin-^x)-iB^xV.,'J. (5.24) 
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The maximum simplification can happen if one chooses the E along h i.e. E = E\^n and B = 0. 
Then the exponential factor reduces to 

d^Ad,, = -E^^Cdt{n-V^,>)-{n-Vs)~^t') (5.25) 

which is same as the result we get in (1 + 1) dimensional case. 

Thus effect of noncommutativity persists and is always carried by two-point correlation function, 
unless we take both E = and 5 = 0. 

6 Conclusion 

The standard Unruh effect is fascinating because it captures certain generic features of quantum 
field theories on spacetimes that have causal horizons. It succinctly encapsulates the physics that 
underlies Hawking radiation from black holes. 

Our analysis shows that while it is indeed possible to rigorously define an accelerating observer in 
GM spacetime, there are new and interesting effects in this case. The Minkowski vacuum is no longer 
a thermal state for the accelerating observer, and the "Rindler" particles do not obey Bose-Einstein 
distribution. 

It is tempting to use the lessons of this analysis to speculate on the implications for the physics 
of black holes in noncommutative spacetimes. In particular, it would be interesting to investigate in 
detail the connection between black holes and thermodynamics, and that of black hole evaporation. 
Questions like these can perhaps be answered only by doing detailed computations in the context of 
specific models involving black holes in noncommutative spacetimes, something we leave for future 
investigation. 

Acknowledgments: It is a pleasure to thank A. P. Balachandran for many illuminating discus- 
sions, and for pointing out an error during the early stages of this project. 

Appendices 

A Eigenfunctions of the Boost Operator 

In d + 1 dimensions, the eigenvalues and eigenfunctions of generator of a Lorentz boost along an 
arbitrary direction n are obtained by solving the equation 

^</'a;,fcx(^'^il'^^) =^¥'<^,fcx(^'^ll'^^)' ^ = ^-n, -oo<u;<oo, (A.l) 

where w is a continuous real eigenvalue and fcj, is the d—1 dimensional vector component of spatial 
momentum k = {k\\, k±). These eigenfunctions form a complete orthonormal set [3] 

{Vu^,kA^^H^^^)\'^u;',k'^it^^^^^))M = S{u-u')6'^-\k^-k'^). (A.2) 

It is easy to show that 

fujk (^ cosh aa + X|| sinhaa,tsinhaa + X|| cosh aa,x_L) = e~*'^"°'(y9^ g {t,x\i,x±). (A. 3) 
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These eigenfunctions satisfy 



which is easily verified from the exphcit forms of these functions [3]. Finally, if x'^ = (t, x\\,x±) lies in 
R, a can be analytically continued to the strip < S(a) < +71 /a [18]. Then from (JA.SP for a = — — , 

we get 



V'-a^.fcx^^'^ll'^^) = ^ ^'^'^^.fcx^'^'^ll'^^) for(t,X||,f±) e R. (A.5) 

Similarly on the Left Rindler wedge L, 

'fi~oo,k^('^^^h^^'> = ^'"^'fco,kAt,xii,x±) ioT{t,x\i,x±) G L. (A.6) 

The eigenfunctions of IC^ (the boost generator in R) are 



(27r)^(2w) ^^nu 
\2smh.{TTU)) 



'Pc.,k^,Ri^^^h^±) = HI lo.^^uf^, A^ ' "^^k^^^'^W^^^^ ~ ^ ''^'Pl^ki^^H'^^)]- (A-7) 



For u > 0, these functions are localized in the right Rindler wedge R: ip^^ j^{t,x\\,Xi_) = for 

{t,x\\,x±) e L. 

Similarly, the eigenfunctions of /C^ are 



(2tt)'^(2lu) 
^.rk,,Lit^H^^±)=Hl |2sinh(7ra;)| ^'''^'^--^gx^^'"^ll'^^) ~^"^'^^.fcx(^'^H'^^)] (^'S) 

for cu > and ip^j^ ^(t, xy, x±) = for {t,x\\,x±) G R. 

These functions (p^j^ ^{t,xi\,x±) and ip^j^ j^(t,x\i, ,x±) form a complete orthonormal set with 
orthonormality given by [3] 

One should not get confused between yj^^ {t,x\i,x±) and y?^ ^ ^.^Jt, X|j,x_l) which are completely 
different functions with different properties. 

A.l Massless Field in (1 + 1) dimensions 

In (1 + 1) dimension (d=l), equation (jA.ip becomes 

{x\\dt + td:„^^)ipuj{t,x\\) =ujipuj{t,x\\) - oo < a; < oo (A. 10) 

and for the massless case the dispersion relation is (fc°)^ = (fcy)^. For (1 + 1) dimension, the labels k± 
and x± are absent. We know that the sign of energy is an invariant of the restricted Poincare group, 
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and for massless fields the sign of fcy (tlie momentum along x\\) is invariant under Lorentz boost. 
Therefore on solving the eigenvalue equation flA.10|) we get two positive energy and two negative 
energy solutions. So there are two positive energy solutions : ip^^i(t,x\\) and (Puj,2it,xi\) for positive 
and negative xu- momentum respectively whose explicit forms are: 



v_i TOO dku 



^.,i(t,a:||) = (27r)-^/„°°^g^(fc||) — ^e-^('="*-'^Fii), (A.ll) 

^.,,(t,X||) = (2vr)-^/l^|^|A:|||-ie-('="*-^Fii). (A.12) 

Similarly there are two negative energy solutions of the equation (]A.10|) : (y9^^3(t, xy) and v^(^,4(t, xy) 
corresponding to the positive and negative k\\ respectively, which are related to the positive energy 
solutions as 

Vu^,3{t,Xl\)=^*_^^^{t,Xl\), 

The (Pui,x(t, x\\) forms a complete orthonormal set of functions : {ipu),x{t, xii)\Lp^i^x'(t, ^\\))m = Mxx'S{uj— 
u') where Mw = diag(l, 1, —1, —1). 

Analogous to (]A.5|) and (]A.6P we have 

V*^u>,xit,xii) = e-^^ip^,x{t,xii) for(t,X||)GR \ X-T9 (^^A^ 

<.,A(i,^||) = e'^>^,A(t,X||) for(t,X||)GL / ^'^^ ^'^■'^> 

Using flA.14p . we can now construct (Puj,x,Ri'^^^\\) ^^^ '^uj,x,Lit,x\\), the eigenf unctions of )C^ and )C^ 
analogous to flA.7l) and flA.SP (we drop the label k±, and include the label A) as in ^, 



^u^,x,R{t^H) = M/kT^TT — ^{e ' ¥''^,A(t,X||) -e 2 (/? ;,(t,X||| (A.15) 

" |z siiiiiyiTijj J I 



^.,x,L{t,^) = M/^^J7^{e'^¥'-c.,A('^,a;||)-e"t^(^^,A(t,X||)} (A.16) 

respectively for all (t,xi\). Again explicit verification using (IA.14P shows that fuj,x,Ri'^j^\\) (or 
'^u),x,L{'t,x\\)) vanishes in L (or R). 

The coordinate representatives of the eigenfunctions of fC given by 

¥^a;i(t,x,|) = (87r2)-5 /^ZZZ|t_a;|-/ ^""' Sl'^"|^f (A.17) 

^'^' "^ ^ ^ V w sinh(7ru;) ' ' \ e^^'^/^ (^t,xi\) e L ^ ^ 

and 



u;sinh(7ra;)' ' \ e-""/^ (^^a^n) ^ i^. 



^.,2(t,xii) = -(87r2)-^,/— ;^^^^^it+x|-<| ;;_/2 y;2\^r (^-is) 



It can be easily verified that both ( JA.ITP and (JA.ISP satisfy ( ]A.4p . For positive u, the coordinate 
representatives of the eigenfunctions of K,^ are 

^.,i,i?(t,a:||)-| Q for(t,X|,) GL ^^'^^^ 
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and 

The coordinate representatives of the eigenfunctions of /C^ are 

, ^_nsgn(a;)i(t-Xi,)- for(t,X||)GL 

¥'a;,l,L(i,X||j- j Q for(t,X||) Gi? ^^'^^^ 

and 

¥^.,2,L(t,X||)-| Q for (t, a;,, )Gi?. ^^'^^^ 

The orthonormahzation of these complete set of functions are given by 

{fuj,\,R(t, X\\, X±)\ip^> ^y ^L{t, X\\, X±)) M = 0, 

{'^uj,x,L{t,x\\,x±)\Lp^>^x'L{t,xii,x±))M = {27r){2uj)6xx'S{uj - u')sgn{-uj) . (A. 23) 

A. 2 Massive Field in (1 + 1) dimensions 



For massive case in 1 + 1 dimensions, flA.ip again becomes flA.lOp with the dispersion relation 



(k^)"^ — (fc|j)^ = 171"^- But here the sign of k\i^ is not an invariant under Lorentz boost though the sign 
of energy is an invariant of the restricted Poincare group. So we get two solutions of ( lA.lOp . one 
corresponding to positive energy and the other to negative energy. 
The positive energy solution is 

/OO Jh, 

-^{k'> + A;||)-^"e-'('=''*-'=ii"ii) (A.24) 

-OO V^nk\\ 

for u > 0. The coordinate representatives of the positive energy eigenfunctions of /C are [19] 

iiii£tanh(-^) 



^^it^^i)={ ^^ , " ^/ ^.anM-) (A.25) 

-^e-^'^/^K^^{mJx\-t'^)e " ^ii {t,x\\) G L. 

These are known as Minkowski Bessel modes. They form a complete orthonormal set with orthonor- 
mahzation given by ( JA.21) . It should be noted that the eigenfunctions ( JA.251) satisfy the relation 



(DJ. 



As described in Section (jAj, now we can construct the eigenfunctions of /C^. The eigenfunctions 
of the generator of Lorentz boost restricted in the R is 



[ for(t,a;||) G L 

for a; > 0. Similarly we construct (p^^L{t,x\\). These are complete sets of functions which satisfy 
orthonormality condition (1A.9I) . 
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A. 3 Massive Field in (3 + 1) dimensions 

In (3 + 1) dimensions, the eigenvalue equation flA.ip is 



iCip t(t,X\uXA_)=UJ(p r{t,X\uXA_) - OO < UJ < oo (A.27) 



where a; is a continuous real eigenvalue and k± is the two-dimensional vector component of spatial 
momentum {k = (fcy, fc^)). 

The positive energy solution is 



^.,kAt,H,x^) = (2^)"^ / :7=r(^° + A:,,)— e-('=°*-'=Fii+'=---) (A.28) 



oo V ^T^kw 



for a; > 0. The coordinate representatives can be obtained as in [T9 



-^e'''^/^K^^{mJxf^ -t^)e ^-^ '''''^'^-n^^'''^"'^ for {t,x\uxi_) G R, 



<^<.,fc,(^.^lh^^) = <( "^^ , "'/ ^ -, ^tanhr^w^fc,..-, ' " ' (A-29) 



1 /r, , / n r.. —^tanh(-^)+ik I -x I 



V27r' 



/2i^^(mya;J-t2)e " ^-""^^n^-'^^-^ for (t,X|,, x^) G L. 



These form a complete orthonormal set with orthonormalization given by (lA.2p . The functions ( JA.29P 
obey (IA.4p . 



The eigenfunctions of /C (the generator of Lorentz boost restricted in the K) are 

[ for(t, xii, x_l) G L 



for a; > and where k = \J m? + fc_L ■ fc_L. Similarly we construct (^^ ^ j^{t, xy, x_l), the eigenfunctions 
of JC^. These functions satisfy orthonormality condition (IA.9p . 
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